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Abstract: We develop an analysis of the reliability of reliability data following
a negative exponential distribution and subject to Type I censoring. Our main
focus is to determine the role of the particular analytical approach in interim
analysis. Accordingly, in this preliminary study, we aim to investigate, by means
of a detailed simulation study, the effects of early stopping on decision-making in
a comparative two group reliability study (eg, a two group randomised controlled
clinical trial). In passing, we extend previous results to inverse parametrizations
and Type II censoring
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1 Introduction
A particular analysis of the reliability of Type I censored reliability data was
given by Finselbach & Watkins (2006). The form of the analysis suggested
that the overall approach may have some role in interim analysis. Thus, in
a reliability experiment with a fixed duration of time, c, we may wish to
know whether it is possible to terminate the experiment early, say at time,
h < c, without loss of information. This of course requires an evaluation
of the costs of so doing - effectively we need information on the effects of
early stopping on the final decision-making process.
In order to develop our methods and compare findings with those in the
original paper we have mirrored the simple, expository, assumptions made
there. However, we also deal with a Negative Exponential survival time ran-
dom variable with parameter θ, the inverse parametrization, and develop
theory for Type II censoring scenarios.
Moreover, our perspective differs somewhat from the original authors. Their
focus lay in investigating the asymptotic properties of their scheme, that
is, in comparing the outcome at t = c with t =∞. On the other hand, our
interest centres on comparing the outcome at t = h < c with t = c for a
sensible range of h values.
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2 The Basic Model
The model for our non-negative Exponential random variable, T , takes the
form:
f (t; θ) = θ exp (−θt) t ≥ 0 (1)
whence E(T ) = 1/θ and V (T ) = 1/θ2, whereas Finselbach & Watkins
(2006), hereafter FW, considered the model with E(T ) = θ∗ = 1/θ.
For our regression model we adopted
θi = exp(x′iβ) (2)
where x′i = (x0i, x1i), with x0i = 1 ∀i i = 1, . . . , n and x1i is a binary treat-
ment indicator = 1 for treatment and = 0 for control, leading to n/2 ones
in a balanced trial design. Here β′ = (β0, β1), whence β1 is the treatment
effect.
In some ways their choice of parametrization (1) is more natural, but the
alternative form is often used in simulation studies and one question is
simply, does the choice of parametrization matter?
2.1 Type I Censoring
Suppose at any given time, say c, the data are subject to Type I censoring
and that we only have the exact lifetimes t1,..., tM of the M (0 ≤M ≤ n)
items that have failed before c, with the remaining n−M items having a
censored operational life of c. Thus, with M ≥ 0, we have
θˆc =
M
SM + (n−M) c (3)
where SM =
∑M
i=1 ti. Let the true lifetime data be t1,..., tM ,tM+1,...,tn,
then Sn = SM +
∑n
i=M+1 ti. Importantly, the link between θˆ and θˆc is
nθ−1 =Mθˆ−1c +
c∑
i=M+1
(ti − c) (4)
Where tM+1 ,..., tn denote the lifetimes of items still operational at c, and
M follows a Binomial distribution with parameters n and qc given by
qc = 1− exp (−θc)
which is the probability that any item fails in (0, c). We may proceed to
show, after some algebra, that
Corr
(
θˆ, θˆc
) ' √qc. (5)
Peng & MacKenzie 3
The arguments leading to equation (4) follow the steps given in FW and
depend on exploiting the usual asymptotic relationships which hold with
Fisher Information (Watkins & John, 2004). FW also reached equation (4)
but with qc = 1 − exp(−cθ ). We note that the correlation does not depend
on n.
2.2 Type II censoring
Suppose that only the first r observations t(1) < t(2) < · · · < t(r) are
available in a total sample of size n. Then from Lawless (1982) the joint
pdf of t(1), · · · , t(r) is
f(t(1), · · · , t(r); θ) = n!(n− r)!θ
r exp
[
− θ
( r∑
i=1
t(i) + (n− r) t(r)
)]
(6)
If we let
Tr =
r∑
i=1
t(i) + (n− r) t(r) =
r∑
i=1
wi
where w1 = nt(1) and wi = (n − i + 1)(t(i) − t(i−1)) for i = 2, · · · , r are
statistically independent random variables the likelihood becomes
L(θ) = θr exp
(
− θ
r∑
i=1
wi
)
(7)
Then we have: θˆr = r/
∑r
i=1 wi, rθ
−1 −∑ri=1 wi is the score function and
the expected Fisher Information rθ−2. It is also possible to show that the
usual asymptotic relationship between the maximum likelihood estimator,
the expected Fisher information and score function:√
r
θ2
(
θˆr − θ
)
'
√
θ2
r
[
rθ−1 −
r∑
i=1
wi
]
Since this relationship also covers the case c→∞ (when it becomes exact),
we now approximate
Corr
{
θˆ, θˆr
}
= Corr
{√ n
θ2
(
θˆ − θ
)
,
√
r
θ2
(
θˆr − θ
)}
by
Corr
{√θ2
n
[
nθ−1 −
n∑
i=1
wi
]
,
√
θ2
r
[
rθ−1 −
r∑
i=1
wi
]}
from which step we may proceed, again after some algebra, to show that
Corr
(
θˆ, θˆr
) '√ r
n
.
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3 Simulation Studies
3.1 Inverse Parametrization
In order to investigate the choice of parametrization in the Type I censor-
ing setting we designed a simulation study involving 1,000 replications to
examine the effect of several simulation parameters - sample size, θ values
and percentage censoring - on the bias and correlation outcomes. The ex-
periment was organised as 3-factor factorial with each factor at four levels
yielding 4×4×4 = 64 scenarios. This full factorial design was evaluated in
two independent blocks, thus allowing us to assess the 3-factor interaction.
The following levels were chosen: for sample size, n (30, 50, 100, 1000),
for the proportion uncensored (0.70, 0.50, 0.20, 0.10), for θ in (1), (0.01,
0.02, 0.5, 1). To evaluate the FW parametrization we chose the following
values for θ∗ = 1/θ in (1), (100, 50, 2, 1). Thus, the models have a common
definition at θ = θ∗ = 1.
Overall, the results (not shown) were similar in both models and our final
conclusion is that the choice of parametrization is immaterial in practice
and may be made on the grounds of convenience.
3.2 Effect of Early Stopping
In order to investigate the effects of early stopping we designed a simula-
tion study mimicking the effect of a two group randomised controlled trial
using the exponential regression model defined at (2). A full factorial ex-
periment was organised to evaluate effects of varying: h as h1 = 1c/2, h2 =
2c/3 and h3 = 3c/4; the sample size n = 100, 500 and 1000; the percentage
censored (at c) p = 0.2, 0.5 and 0.7 and the parameter β1 = 0.2, 0, 5 and 1.
The intercept parameter β0 was set to zero throughout and xi was as de-
scribed above. Thus, in this preliminary investigation we have a 34 factorial
design covering 81 scenarios.
To investigate the consistency of the outcome at h and the later time c
we chose the Pearson correlation coefficient,r, between β1h and β1c as a
summary measure. Table 1 shows the results of the factorial analysis using
Fisher’s z transformation of r. The correlation varies mainly with h and
p, while other effects are present, they are physically negligible, including
dependence on n. Moreover, there is no interaction present between h and p.
The correlation ranges from a min of 0.54 to 0.94. A search of the quadratic
surface model space in p and h yielded the model: zˆ = 0.428(±0.046) +
1.95(±0.051)h−1.104(±0.170)p+0.526(±0.190)p2, which explained 96.4%
of the variation.
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TABLE 1. Anova for the correlation* between β1h and β1c
Effect df ss ms F-ratio p
β1 2 0.011 0.006 4.506 0.015
n 2 0.016 0.008 6.214 0.004
p 2 1.413 0.706 554.317 0.000
h 2 3.342 1.671 1311.388 0.000
β1 × n 4 0.023 1.006 4.602 0.003
β1 × p 4 0.019 0.005 3.678 0.010
n× p 4 0.017 0.004 3.427 0.014
Residual 60 0.076 0.001
Total 80 3.326
*using Fisher’s z = tanh−1r
TABLE 2. Anova for the % concordance between tests of H0 for β1h and β1c
Effect df ss ms F-ratio p
β1 2 1597.07 798.54 239.14 0.000
n 2 231.06 115.53 17.30 0.000
p 2 225.51 112.76 16.88 0.000
h 2 366.42 183.21 27.43 0.000
β1 × n 4 1760.62 440.15 65.91 0.000
β1 × p 4 160.87 40.22 6.02 0.001
β1 × h 4 128.66 32.16 4.82 0.004
β1 × n× p 8 655.19 81.90 12.26 0.000
Residual 52 347.28 6.68
Total 80 5472.68
Next we analysed the % concordance, c, between the tests of the null hy-
potheses that H0 : βcj = 0 and H0 : βhj = 0 for j = 1, . . . ,m = 1000.
Table 2 shows the results for the same factorial design described above this
time using the percentage concordance as the outcome summary measure,
while Figure 1 shows the histogram of the % concordance obtained. Overall,
the results are encouraging. From Table 2 we see that the % concordance
varies with several factors simultaneously and the pattern of dependence
is more complex than for the correlation. Exploring the quadratic surface
model space led to: cˆ = 78.767(±4.685)−7.864(±3.072)p−0.009(±0.003)n+
0.963(±3.367)β+20.402(±6.055)h+0.012(±0.003)[β×n] which explained
55.8% of the variation.
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ss
FIGURE 1. % Concordance: tests of H0 : for βh&βc
4 Discussion
Our first conjecture, based on earlier work, that the choice of parametriza-
tion in the exponential model might be important, is refuted. Our analysis
of the correlation between βh and βc shows that it does not depend on n
a finding consistent with the theoretical development in §2.2 Overall, the
correlation analysis was relatively inconclusive. By contrast, the concor-
dance analysis was more encouraging, suggesting that it may be possible
to isolate scenarios in which early stopping was a viable option. However,
further work is required before a firm conclusion can be reached, including
the extension to the case where the data are subject to Type II Censoring
and follow the Weibull distribution.
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